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Our problem

The constraints are the marginal totals s of the observations y;:
°IniD, > B;=s
* In2D, Zi B;; = 51 ;and Zj Bij = 52,

Our objective is to find the raked values 3, respecting the constraints. The general problem can be
written as:

min f(fy) st AB=s

For instance, if we choose the entropic distance for f, we have:
Bi

g—ﬁi+yi st. AB=3s

mﬁin XZ: B; log
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Primal-dual formulation

Primal problem:
minmax £(8, %) = f(B:y) + X (48— s)
Dual problem:
mAin Ms+ f+(=ATN) = m/\in Ms +yTexp (—ATN)
where f* is the convex conjugate:

(2= Slgp 28— f(Biy)
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Solving the dual problem

We have a relationship between the gradient maps: V_ f* (-) = Vﬂf(-)_l.

The solution of the dual problem is found by solving for \ the non-linear system:

s— AV f*(=ATX\y) =0 = s—A[yoexp(—ATN)] =0
We solve this system using Newton’s method.

The raked values are then equal to:

B =V, (—ATX) = B =yoexp(—AT\)
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Distances

p
£ynom: f(B9) =Y 5 (6~ )
=1
o1
x? distance: f(B;y) = Z E (B — ;)
=1 7

Entropic distance: f(3;y) = Z B; log (ﬁl) Bty
=1

P

Logit distance: f(8;y) = > _ (8, — ;) log Bi _fi + (b, — ;) log hi — B

] Yi — Uy hi = y;
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Uncertainties

Given:
* X, the p x p covariance matrix of the observations vector y,
* ¥, the k x k covariance matrix of the aggregate observations vector s and

* X, the p* k covariance matrix of y and s,

find:
® Y4 the p x p covariance matrix of the estimated raked values 5*.
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Primal problem

The primal problem:

Visf(Biy) + ATA
AB—s

=0

F(/B’>Vy78> = [
has solution:

B = ¢ (y;s) with ¢ : RPTF — RP
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Central limit theorem
i)

y(

n vectors of observations @
S

) taking values in RPT* with sample mean (zf”) .
S

vn ((3{") —9) SN (0,%)
Sn
where:
y<i)
cO=E1 "y

. . . DYDY
* Y is the covariance matrix (Ey ys) and

ys s

* N (0,%) = T'denotes the MVN distribution with mean 0 and covariance matrix .
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Delta method

. <¢ ((y)) . ¢<9>> = 7 (0,6, (D) 36 ()

where:

9,

GO e GO T . O
¢ (1) = ' '

%y (g) ... W: (0) F20) . )

oy,
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Linearity of the solution for the ? distance

FBAys) =0 = (i [diaggyﬂAT

e [iisasolutionof F (8, A\;y;,s;) = 0and
* piisasolution of F(8, A\;y,,$5) =0
then:
e B7 + Bsisasolution of F(8,A;y; + s, $; + s5) = 0and
* affisasolution of F(5, \;ay,as) =0

Thus:

)
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Central limit theorem

Using:

we get:

S = ¢ (T) Soy’ (T)

= We need to compute the partial derivatives ;’J and (%J .
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Implicit Function Theorem

F: S e R?+2k _, RrtE s g function of class C* and:

F (8%, A" 9o, s9) = 0and detDy y F(5*, A5 50, 59) # 0

where:
oF, oF, oF, oF,
93, 9B, oN, O,
OF, k OF, 1 OF,k OF ik
a8, OB, 2} VIR ) W

then F (8, \; y, s) = 0 defines a function (8, \) = ¢ (y, s) for (y, s) € RPT* near (y,, s,), with
(B,A) = ¢ (y, s) close to (57, A%).
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Implicit Function Theorem

When differentiating F'(y, s; ¢ (y, s)) = 0 at the solution (5*, \*), we get:

[DB,)\F(yvs;ﬁ*vA*)] [Dy,s¢(y78)] + [Dy,sF(y737ﬁ*a)‘*)] =0

We have:

2 . T 2 .
Dy aF = Vil (Bw) - AT ang D, JF = Vi (B:y)  Ops
’ A Ok 7 Okxp Ly,

thus we can compute:
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How changes in one observation will affect the raked values?

New Castle County Inj. Black
Effect of
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How changes in observations and margins will affect one raked value?

GBD values New Castle County
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What are the final uncertainties on the raked values?

2 4 6 81012141618
Using all draws
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Questions?

https://arxiv.org/abs/2407.20520
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