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Our problem

The constraints are the marginal totals 𝑠 of the observations 𝑦𝑖:

• In 1D, ∑𝑖 𝛽𝑖 = 𝑠
• In 2D, ∑𝑖 𝛽𝑖,𝑗 = 𝑠1,𝑗 and ∑𝑗 𝛽𝑖,𝑗 = 𝑠2,𝑖

Our objective is to find the raked values 𝛽𝑖 respecting the constraints. The general problem can be

written as:

min
𝛽

𝑓 (𝛽; 𝑦) s.t. 𝐴𝛽 = 𝑠

For instance, if we choose the entropic distance for 𝑓, we have:

min
𝛽

∑
𝑖

𝛽𝑖 log 𝛽𝑖
𝑦𝑖

− 𝛽𝑖 + 𝑦𝑖 s.t. 𝐴𝛽 = 𝑠
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Primal-dual formulation

Primal problem:

min
𝛽

max
𝜆

ℒ(𝛽, 𝜆) ∶= 𝑓 (𝛽; 𝑦) + 𝜆𝑇 (𝐴𝛽 − 𝑠)

Dual problem:

min
𝜆

𝜆𝑇𝑠 + 𝑓∗ (−𝐴𝑇𝜆) ⇒ min
𝜆

𝜆𝑇𝑠 + 𝑦𝑇 exp (−𝐴𝑇𝜆)

where 𝑓∗ is the convex conjugate:

𝑓∗ (𝑧) = sup
𝛽

𝑧𝑇𝛽 − 𝑓 (𝛽; 𝑦)
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Solving the dual problem

We have a relationship between the gradient maps: ∇𝑧𝑓∗ (⋅) = ∇𝛽𝑓 (⋅)−1
.

The solution of the dual problem is found by solving for 𝜆 the non-linear system:

𝑠 − 𝐴∇𝑧𝑓∗ (−𝐴𝑇𝜆∗; 𝑦) = 0 ⇒ 𝑠 − 𝐴 [𝑦 ⊙ exp (−𝐴𝑇𝜆)] = 0

We solve this system using Newton’s method.

The raked values are then equal to:

𝛽∗ = ∇𝑧𝑓∗ (−𝐴𝑇𝜆∗) ⇒ 𝛽∗ = 𝑦 ⊙ exp (−𝐴𝑇𝜆∗)
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Distances

ℒ2 norm: 𝑓 (𝛽; 𝑦) =
𝑝

∑
𝑖=1

1
2

(𝛽𝑖 − 𝑦𝑖)
2

𝜒2 distance: 𝑓 (𝛽; 𝑦) =
𝑝

∑
𝑖=1

1
2𝑦𝑖

(𝛽𝑖 − 𝑦𝑖)
2

Entropic distance: 𝑓 (𝛽; 𝑦) =
𝑝

∑
𝑖=1

𝛽𝑖 log (𝛽𝑖
𝑦𝑖

) − 𝛽𝑖 + 𝑦𝑖

Logit distance: 𝑓 (𝛽; 𝑦) =
𝑝

∑
𝑖=1

(𝛽𝑖 − 𝑙𝑖) log 𝛽𝑖 − 𝑙𝑖
𝑦𝑖 − 𝑙𝑖

+ (ℎ𝑖 − 𝛽𝑖) log ℎ𝑖 − 𝛽𝑖
ℎ𝑖 − 𝑦𝑖
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Uncertainties

Given:

• Σ𝑦 the 𝑝 × 𝑝 covariance matrix of the observations vector 𝑦,
• Σ𝑠, the 𝑘 × 𝑘 covariance matrix of the aggregate observations vector 𝑠 and
• Σ𝑦𝑠 the 𝑝 ∗ 𝑘 covariance matrix of 𝑦 and 𝑠,

find:

• Σ𝛽∗ the 𝑝 × 𝑝 covariance matrix of the estimated raked values 𝛽∗.
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Primal problem

The primal problem:

𝐹 (𝛽, 𝜆; 𝑦, 𝑠) = [∇𝛽𝑓 (𝛽; 𝑦) + 𝐴𝑇𝜆
𝐴𝛽 − 𝑠

] = 0

has solution:

𝛽∗ = 𝜙 (𝑦; 𝑠) with 𝜙 ∶ ℝ𝑝+𝑘 → ℝ𝑝
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Central limit theorem

𝑛 vectors of observations (𝑦(𝑖)

𝑠(𝑖)) taking values in ℝ𝑝+𝑘 with sample mean ( ̄𝑦𝑛
̄𝑠𝑛
).

√
𝑛 (( ̄𝑦𝑛

̄𝑠𝑛
) − 𝜃) → 𝒩 (0, Σ)

where:

• 𝜃 = 𝔼 (𝑦(𝑖)

𝑠(𝑖)),

• Σ is the covariance matrix ( Σ𝑦 Σ𝑦𝑠
Σ𝑦𝑠 Σ𝑠

) and

• 𝒩 (0, Σ) = 𝑇 denotes the MVN distribution with mean 0 and covariance matrix Σ.
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Delta method

√
𝑛 (𝜙 (( ̄𝑦𝑛

̄𝑠𝑛
)) − 𝜙 (𝜃)) → 𝒩 (0, 𝜙′

𝜃 (𝑇) Σ𝜙′𝑇
𝜃 (𝑇))

where:

𝜙′
𝜃 (𝑇) =

⎛⎜⎜⎜
⎝

𝜕𝜙1
𝜕𝑦1

(𝜃) … 𝜕𝜙1
𝜕𝑦𝑝

(𝜃) 𝜕𝜙1
𝜕𝑠1

(𝜃) … 𝜕𝜙1
𝜕𝑠𝑘

(𝜃)
⋮ ⋮ ⋮ ⋮

𝜕𝜙𝑝
𝜕𝑦1

(𝜃) … 𝜕𝜙𝑝
𝜕𝑦𝑝

(𝜃) 𝜕𝜙𝑝
𝜕𝑠1

(𝜃) … 𝜕𝜙𝑝
𝜕𝑠𝑘

(𝜃)

⎞⎟⎟⎟
⎠
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Linearity of the solution for the 𝜒2 distance

𝐹 (𝛽, 𝜆; 𝑦, 𝑠) = 0 ⇒ ( 𝐼 [diag (𝑦)] 𝐴𝑇

𝐴 0
) (𝛽

𝜆
) = (𝑦

𝑠
)

If:

• 𝛽∗
1 is a solution of 𝐹 (𝛽, 𝜆; 𝑦1, 𝑠1) = 0 and

• 𝛽∗
2 is a solution of 𝐹 (𝛽, 𝜆; 𝑦2, 𝑠2) = 0

then:

• 𝛽∗
1 + 𝛽∗

2 is a solution of 𝐹 (𝛽, 𝜆; 𝑦1 + 𝑦2, 𝑠1 + 𝑠2) = 0 and
• 𝛼𝛽∗

1 is a solution of 𝐹 (𝛽, 𝜆; 𝛼𝑦, 𝛼𝑠) = 0

Thus:

𝜙 (( ̄𝑦𝑛
̄𝑠𝑠
)) = 1

𝑛

𝑛
∑
𝑖=0

𝜙 ((𝑦(𝑖)

𝑠(𝑖)))

12



Central limit theorem

√
𝑛 ( 1

𝑛

𝑛
∑
𝑖=0

𝜙 ((𝑦(𝑖)

𝑠(𝑖))) − 𝜙 (𝜃)) → 𝒩 (0, Σ𝛽)

Using:

√
𝑛 (𝜙 (( ̄𝑦𝑛

̄𝑠𝑛
)) − 𝜙 (𝜃)) → 𝒩 (0, 𝜙′

𝜃 (𝑇) Σ𝜙′𝑇
𝜃 (𝑇))

we get:

Σ𝛽 = 𝜙′
𝜃 (𝑇) Σ𝜙′𝑇

𝜃 (𝑇)

⇒ We need to compute the partial derivatives
𝜕𝜙𝑗
𝜕𝑦𝑖

and
𝜕𝜙𝑗
𝜕𝑠𝑖

.
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Implicit Function Theorem

𝐹 ∶ 𝑆 ∈ ℝ2𝑝+2𝑘 → ℝ𝑝+𝑘 is a function of class 𝐶1 and:

𝐹 (𝛽∗, 𝜆∗; 𝑦0, 𝑠0) = 0 and det𝐷𝛽,𝜆𝐹 (𝛽∗, 𝜆∗; 𝑦0, 𝑠0) ≠ 0

where:

𝐷𝛽,𝜆𝐹 =
⎛⎜⎜⎜
⎝

𝜕𝐹1
𝜕𝛽1

… 𝜕𝐹1
𝜕𝛽𝑝

𝜕𝐹1
𝜕𝜆1

… 𝜕𝐹1
𝜕𝜆𝑘

⋮ ⋮ ⋮ ⋮
𝜕𝐹𝑝+𝑘

𝜕𝛽1
… 𝜕𝐹𝑝+𝑘

𝜕𝛽𝑝

𝜕𝐹𝑝+𝑘
𝜕𝜆1

… 𝜕𝐹𝑝+𝑘
𝜕𝜆𝑘

⎞⎟⎟⎟
⎠

then 𝐹 (𝛽, 𝜆; 𝑦, 𝑠) = 0 defines a function (𝛽, 𝜆) = 𝜙 (𝑦, 𝑠) for (𝑦, 𝑠) ∈ ℝ𝑝+𝑘 near (𝑦0, 𝑠0), with
(𝛽, 𝜆) = 𝜙 (𝑦, 𝑠) close to (𝛽∗, 𝜆∗).
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Implicit Function Theorem

When differentiating 𝐹 (𝑦, 𝑠; 𝜙 (𝑦, 𝑠)) = 0 at the solution (𝛽∗, 𝜆∗), we get:

[𝐷𝛽,𝜆𝐹 (𝑦, 𝑠; 𝛽∗, 𝜆∗)] [𝐷𝑦,𝑠𝜙 (𝑦, 𝑠)] + [𝐷𝑦,𝑠𝐹 (𝑦, 𝑠; 𝛽∗, 𝜆∗)] = 0

We have:

𝐷𝛽,𝜆𝐹 = (∇2
𝛽𝑓 (𝛽; 𝑦) 𝐴𝑇

𝐴 0𝑘×𝑘
) and 𝐷𝑦,𝑠𝐹 = (∇2

𝛽𝑦𝑓 (𝛽; 𝑦) 0𝑝×𝑘
0𝑘×𝑝 −𝐼𝑘×𝑘

)

thus we can compute:

𝐷𝑦,𝑠𝜙 = (
𝜕𝛽
𝜕𝑦

𝜕𝛽
𝜕𝑠

𝜕𝜆
𝜕𝑦

𝜕𝜆
𝜕𝑠

)
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How changes in one observation will affect the raked values?
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How changes in observations and margins will affect one raked value?
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What are the final uncertainties on the raked values?
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Questions?

https://arxiv.org/abs/2407.20520
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